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Abstract 
Chen, Z.-H., Spanning closed trails in graphs, Discrete Mathematics 117 (1993) 57-71. 
Let G be a 2-edge-connected simple graph on n > 95 vertices. Let 1 be the number of vertices of degree 
2 in G. We prove that if I < n/5 - 19 and if, for every edge uveE(G), d(u) + d(v) > 2n/5 - 2, then exactly 
one of the following holds: 
(a) G has a spanning closed trail; 
(b) G can be contracted to K,,,_,, where c < max { 5,3 + l} is an odd number. 
An example shows that if a graph satisfies the conditions above except that it has too many 
vertices of degree 2, then the conclusion fails. This result is related to a conjecture of Benhocine et al. 
(1986) recently proved by Veldman. We obtain some other related results. 
1. Introduction 
We follow the notation of Bondy and Murty [3], except that graphs have no loops, 
and K1 is regarded as having infinite edge-connectivity. For a graph G, let O(G) 
denote the set of vertices of odd degree in G. A graph G is called supereulerian if it has 
a spanning closed trail. A graph G is called collapsible if, for every even set X E V(G), 
there is a spanning connected subgraph Hx of G such that O(H,)=X [4]. Note that 
the trivial graph K, is both supereulerian and collapsible. Obviously, every collapsible 
graph is supereulerian. For an integer i3 1, define 
Di(G)={v~V(G): d(u)=i}. 
Veldman [lo] recently proved a generalization of the following result, which was 
conjectured in [l]. 
Theorem 1.1 (Veldman [lo]). Zf G is a connected simple graph of order n such that 
G-D 1 (G) is 2-edge-connected and, for every edge uv of G, d(u) + d(v) > 2n/5 - 2, then, for 
n sufJiciently large, G has a closed trail containing at least one end of every edge of G. 
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Some special cases of Theorem A were previously obtained [S, 91. In this paper, we 
shall show that if G is a 2-edge-connected simple graph of order n > 95 with fewer than 
n/5- 19 vertices of degree 2, and if for every edge uv~.!?(G), d(u)+d(u)>2n/5-2, then 
either G has a spanning closed trail, or G can be contracted to Kz,t for some odd 
integer t 3 3. (We first prove a stronger result.) The coefficient l/5 in the expression 
n/5 - 19 is best possible. We also get some related results. 
Let G be a graph, and let H be a connected subgraph of G. The contraction G/H is 
the graph obtained from G by contracting all edges of H, and by deleting any resulting 
loops. 
Catlin [4] showed that every graph G has a unique collection of vertex-disjoint 
maximal collapsible subgraphs HI, Hz, . , H,. The contraction of G obtained from 
G by contracting each Hi (1~ i < c) into a single vertex is called the reduction of G and 
is denoted by G’. Let Vi be the vertex in G’ which is the contraction image of Hi. Then 
Hi is called the preimage of Ui. If Hi = K1, we say that Hi is the trivial preimage of ai and 
we call Ui a trivial vertex. Since V(G)= V(H,)uV(H,)u~~~uV(H,), 1 V(G’)I=c. 
A graph G is reduced if G = G’. Throughout this paper, we let d(v) and d’(v) denote the 
degree of u in G and G’, respectively. Let E(G’) be the edge set of G’. We regard E(G’) 
as a subset of E(G). Note that E(G’)=E(G)- ut E(Ht). 
We shall make use of the following theorem. 
Theorem 1.2 (Catlin [4]). Let G be a graph and G’ the reduction of G. 
(a) Let H be a collapsible subgraph of G. Then G is collapsible if and only if G/H is 
collapsible. In particular, G is collabsible $ and only if G’ = K 1. 
(b) Let H be a collapsible subgraph of G. Then G is supereulerian ifand only ifG/H is 
supereulerian. 
(c) If G is reduced, then G is KS-free, with 6(G) < 3, and, for any subgraph H of G, 
either HE{K~,K~} or 
IE(H)I 621 I’(H)I-4. 
2. Main results 
For a graph G, let M(G) denote a maximum matching of G. Denote by G[M] the 
subgraph of G induced by the vertices incident with edges of M (G). An odd component 
of G is one that has an odd number of vertices. Let q(G) denote the number of odd 
components of G. 
Theorem 2.1 (Berge [Z] and Tutte [ll]). Let G be a graph of n vertices. If 
t= max {q(G-S)-ISI}, 
SCV(C) 
(1) 
then IM(G)(=(n-t)/2. 
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The proof of the following lemma is an easy modification of the proof of the special 
case I=O, which was obtained in [7]. 
Lemma 2.2. Let M be a maximum matching of a connected reduced graph G, with 
I V(G)I=n, a(G)32 and ID2(G)I=l. Then 
IMI>min 
n-l n+4-I 
~ ~ 
2’ 3 . 
Proof. Define t by (1). Then, by Theorem 2.1, it suffices to show that if t32 then 
n-8+21 
tb 
3 
(3) 
Suppose that t 3 2. Let S c V(G) attain the maximum in (1). Since G is connected and 
t32, IS/31. 
Let m=q(G-S) and let G1,GZ, . . . , G, be the odd components of G-S. Assume 
that G-S has Y odd components containing exactly one vertex. 
Case 1: r=O: Then I V(Gi)133 (l<i<m). We may assume that 
361 f’(G1)ldl V(Gz)lG.~.dl UG,)I. (4) 
Case 1 (a): I V(G,)I = 3: Then, by (4), 
nB3m+lSI. (5) 
By(c) of Theorem 1.2, G is K,-free and, so, G1 rK,,,. If ISI= 1, then 133. Therefore, 
t=m-ISlb 
n-4lSI n-8+21 
3 
If IS I 3 2 then, by (5) 
t=m-ISI< 
n-4lS n-8 n-8+21 
Case 1 (b): I V(G,)/ 3 5: Then, by (4) 
n35m+IS (6) 
Since m-ISl=t>Z and ISl31, we have ma3 and, so, by (6), 
n> 16. (7) 
BY ISIZl, (6) and (71, 
n-IS1 
t=m-(Sl<P- 
5 
ISK~ 563 
n-6lS/<n-6 n-8<n-8+21 
3 
Case2: r>l: LetG1,Gz,... , G, be the odd components of G-S containing exactly 
one vertex, and say that V(Gi)=(ui} (1 <<id). Let V”={ui, . . . . u,}, and let 
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G” = G[ V’uS] and ti” = 1 V(G”)I. Then 
n”=r+lSI 
and 
n”<n-3(m-r), 
which implies 
n-ii’ 
m-r- 
3 ’ 
(8) 
(9) 
Let 1’ be the number of vertices of D2(G) in V”. Then I’ < 1. Since G” is also a reduced 
graph and since all the r vertices in I/” have degree at least 2 in G”, it follows that 
G”${ K,, K2} and, so, by (c) of Theorem 1.2, 
3r-1<3r-l’=3(r-l’)+2l’<IE(G”)I<2n”-4. 
By this inequality and (8) we have 
6r-2/<4n”-8=n”-8+3(r+ISI), 
which implies 
r-ISI< 
n” - 8 + 21 
3 . 
(10) 
The desired inequality immediately follows from (9) and (10): 
n-8+21 
t=m-ISI=(m-r)+(r-IS/)< 3 . 
Hence, (3) holds always and, so, (2) follows. 0 
Theorem 2.3. Let G be a 2-edge-connected simple graph on n vertices, G’ the reduction of 
G, M (G’) a maximum matching in G’, p > 3 an integer, and 1= I D2(G)I. If, for every edge 
WEE(G), 
d(u)+d(v)>;-2 (11) 
and 
n>lp+k, (12) 
where k = y p2 -y p, then one of the following holds: 
(a) n = ps for some integer s, and G’ = C, and the preimage of each vertex of G’ is either 
K, or KS-e. 
(b) IM(G’)I<p/2, lD,(G’)lbp+l-1, and 
I V(G’)I d 
5p/2+1-5 if p is even, 
5p/2+1-1312 ifp is odd. 
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Proof. Let c=l V(G’)l. Let I’=ID2(G’)I. DenoteD,(G’)={x,,x,, . . ..x~.>. Let H(q) be 
the preimage of x,ED~(G’). Without loss of generality, we may assume that 
I Vff(XI))lGl vff(%))lG.~*G I ~(Hh))I> 
where, for some integer Y, 1 V(H(x,))J = 1 V(H(x,))I = ... = I V(H(x,))l= 1, and 
lV(H(Xi)))>l (r<idl’). 
Note that x1,x1, ,x, are vertices of degree 2 in both G and G’, and, so, rdl. 
We claim that 
) V(H(Xi))l>i (VCidi’). (13) 
We now prove (13). By Y < i < 1’ and the definition of D,(G’), at most 2 vertices of 
H(xi) are incident with edges of E(G)-E(H(Xi)). 
Case 1: Suppose that H(Xi) has an edge zy adjacent in G only with edges in N(Xi). 
BY (1 f), 
and, so, (13) holds in this case. 
Case 2: Suppose that every edge of H(Xi) is adjacent to an edge of E(G)-E(H(Xi)). 
Since H(Xi) is collapsible, H(Xi) is 2-edge-connected. Let u and w be the only two 
vertices of H(x,) incident with an edge of E(G)-E(H(x,)). Since H(xi) is 2-edge- 
connected and simple, there is a vertex UE V(H(Xi))- {u, w}. Since case 1 does not 
apply, v#w and NG(u)= {u, w}. Therefore, by (11) 
2n 
2+1 V(H(Xi))l3d(u)+d(v)3--22, 
P 
and, so, (13) holds since n > IP + k > 4P. 
BY (13) 
It follows from (14) and r<l that 
(14) 
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Case A: 1’ = p + I( 1 -p/n): Then 1= r and the equality holds in (14). It follows that 
I’(G’)=Dz(G’)={xl,xz, . . . ,x1,}, (15) 
1 V(H(xi))j= 1 for idr, (16) 
1 V(N(Xi))lE2 for r<i<<=c. (17) 
P 
Since K’(G’)z rc’(G)32, and by (15), G’ is a cycle of length I’. 
Now we want to show that l=O in this case. 
By way of contradiction, suppose that l#O, i.e., r #O. Then d’(x,)=d(x,)=2. Let 
YIENG’(XI)C(XZ, ... ,xl.}. Let H(yi) be the preimage of y,. By d’(y,)=2, 
d’(x,)=d(x,)=2, and by (11). 
I WYd)l~~-5, 
contrary to (16) and (17) since n > lp + k > 5~. Therefore, I= r = 0 in this case, and, so, 
p= l’=c. Hence, by (17) and r=O, the preimage of each vertex of G’ has order n/p. 
Since d’(u) = 2 for every UE P’(G) in this case, it follows from (11) that the preimage of 
each vertex of V(G’) is either K, or K,-e. Conclusion (a) of Theorem 2.3 holds. 
Case B: l’#p+l(l-p/n): Then l’<p+l 1-i and, so, 
( > 
I’bp+l- 1. (18) 
Let m be thesizeofamaximummatchingM(G’)in G’,andM(G’)={u,o,,...,u,v,). 
Claim. 
c<3m+p+l-5. (19) 
We now prove the claim. By Lemma 2.2, (18), p > 3 and 12 0, 
cdmax{2m+ 1, 3m+I’-4}<max{2m+ 1,3m+p+l-55). 
Thus, by this inequality, the claim holds if rn> 3. If m=O, then G’= K, and, so, (b) of 
Theorem 2.3 holds. Since G’ is 2-edge-connected, m# 1. If m=2, then inequality (19) 
holds unless p = 3 and 1 = 0; but then 1’ < 2 by (18), which, together with c < 2m + 1 = 5, 
yields the contradiction that G’=K, _ The claim is thus proved. 
Let H(ui) be the preimage of Ui and H(Ui) the preimage of vi in G. Then the H(Ui)‘S 
and H(uj)‘s (i,jE{ 1,2,. . . , m>) are all vertex-disjoint. Note that edges in G’[M] are 
incident with two vertices in V(G’[M])={ul,...,u,,ul,...,u,) and edges in 
_- 
E(G’) - E(G’[M]) are incident with at most one vertex in V(G’[M]). Denote by Ui Ui 
the edge of G corresponding to uiOiEM(G’), where Ui~ I’(H(ui)) and tiiEI’(H(Ui)). 
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63 
~lIE(G’)l+IE(G’CM1)I+ 1 (I v(H(ui))l+l V(H(ui))l-2). (20) 
i=l 
By (c) of Theorem 1.2, 
JE(G’)l<2c-4 and IE(G’[M])I,<2(2m)-4. (21) 
Let V(G’- V(G’[M])={x,,x,, . . . ,x,} where s = c - 2m. Let H(xi) be the preimage 
of xi. Note that 
n= F (I V(H(ui))l+l V(H(ui))I)+ i I V(H(xi))l. 
i=l i=l 
Hence, 
igI (I V(H(Ui))l+l V(H(Ui))l)6n-s=n-C+2m. (22) 
By (111, PO), (21) and (29, 
m < f (d(&)+d(fii))<2C-4+4m-4+n-c+2m_2m 
i=l 
=n+c+4m-8. (23) 
By (23) and (19), 
2n 
m 
i > 
--2 dn+(3m+p+l-5)+4m-8=n+p+I+7m-13, 
P 
m 
( > 
2-9 dn+p+l-13, 
P 
2m(2n-9p)b2(n+p+I- 13)p, 
2m(2n-9p)6(2n-9p)p+9p2+2(p+1-13)p, 
2mdp+ 
1 lp2 + 21~ - 26p 
2n-9p * 
Note that n>lp+k=lp+~p*-yp and, so, 2n>21p+llp2-17~. Therefore, 
21p+ llp2-26p<1 
2n-9p ’ 
(24) 
(25) 
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By (24) and (25), 2m d p; so, 
(26) 
By (19) and (26), 
if p is even, 
if p is odd. 
The proof is complete. 0 
Now we give an example to show that if G has too many vertices of degree 2 then 
the conclusion of Theorem 2.3 fails. The coefficient p in n>lp+ k is best possible, 
where 1 is the number of vertices of degree 2 and k is some constant depending only 
on p. 
Let p>,3 be an odd integer. Set r=(p+ 1)/2, and h=(2p+ 1)~. Let YzK,,,, with 
centeraandendsa,,a, ,..., a,_,.DefineK,,,(s,,,,s,,, ,..., s,_2,*_lrSI_1,0)tobethe 
graph obtained from Y by adding si, i+ 1 vertices with neighbors {ai, ai+ 1} (i and i+ 1 
are modulo r). Let t be a positive integer. If Si, i + 1 = t for all i (0 d i < r - l), then denote 
Kl,,(t,t,...,t):=Kl,r(~g,1,~1,2,...,~,- Z,r_l,sr_l,O). See Fig. 1 for the case p=5, 
where all si,i+ 1’~ are t. 
Note that for any 2-edge-connected spanning subgraph H of K l,r(t, t, . . . , t), H must 
contain the subgraph K l,r(t, t, . . . ,t)-a and an edge UiU for some iE{O,l,...,r-1); 
SO, dH(ai)=2t+l=dc,(ai). Thus, Kl,,(t,t,... , t) has no spanning closed trail. 
Letn>h,nr(r-l)p(modrp),t=(n-_)/rp,ands=[(p-l)n+2p2]/rp.Thentand 
s are positive integers. Let G be the graph obtained from Kl,,(t, t, . . . , t) by replacing 
Ui by K, (see Fig. 1 for the case p = 5). Then 
1=1D2(G)I= 
2t+l if p=3 n/3-6 if p=3, 
= rt if ~35 n/p-(2p+l) if ~25, 
G 
a2 
Fig. 1. n=lO(mod15), s=(4n+50)/15, t=(n-55)/15, and ID,(G)[=n/5-11 
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and, so, 
i 
31+18 if p=3, 
II= lp+h if p>5. 
For every edge WEE(G), we have 
Note that now 
/>F-;p+; 
since ~33. But the reduction G’ of G is the nonsupereulerian graph Ki,,(t, t, . . . ,t), 
which has IM(G’) 1 =(p+ 1)/2. The conclusion of Theorem 2.3 fails. 
3. Corollaries 
In this section we consider the cases p = 3 and p = 5 in Theorem 2.3. 
Corollary 3.1. Let G be a 2-edge-connected simple graph on n vertices. If 
l=jD2(G)I<n/3-8 and if for every edge uu~E(G), 
d(u)+d(v)+2, 
then G is collapsible. 
Proof. Let G’ be the reduction of G. By the definition of contraction, K’(G’) > rc’(G) 32. 
By Theorem 2.3, m = 1 M(G’)I < 1. Note that IM(G’)l = 1 is impossible since G’ is simple 
and K,-free and K’(G’)>~. Therefore, G’ = K1 and, so, G is collapsible. 0 
A result which was obtained independently by Catlin [S] and Benhocine et al. [l] is 
analogous to Corollary 3.1. 
Theorem 3.2. Let G be a nontrivial connected graph of order n, with G # K1,,_ 1. If 
tc’(G-D,(G))32 and if d(u)+d(v)a(2n+ 1)/3 f or every edge uv of G, then there is 
a closed trail in G which contains at least one end of every edge of G. 
For the case p = 5 in Theorem 2.3, we prove the following observation first. 
Observation 3.3. Let G be a graph satisfying the conditions of Theorem 2.3. Let G’ be the 
reduction of G, and c= 1 V(G’)l. Let H(v) be the preimage of a vertex v in V(G). Let 
t=d’(u) and let NG~(u)={xl,x~,...,xt}. 
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(a) If 1 V(H(u))I > 1 then 
(27) 
(b) Zfl I’(H(r))I= 1 then d’(~)=d(~) and,for any XiENG’(u), 
I V(H(Xi))( >T- 1 -d’(U)-d’(Xi). (28) 
Proof. Recall that G’ denotes the reduction of G and c = I V(G’)(. We consider the case 
(a) first. If G’=C, then (a) of Theorem 2.3 implies that (27) holds. Suppose that 
G’# C,. It follows from (b) of Theorem 2.3 that 
c++l-5<3p+l-6. (29) 
Since G’ is simple graph of order c, A(G’) d c - 1. Note that there are only d’(v) edges of 
E(G’) joining H(v) and G-H(u). 
Case 1: There is an edge, say zy in E( H(u)), which is not incident with any edges of 
E(G’). Then N(z)z V(H(u)) and NO V(H(u)). By (ll), 
$-2Wy)+d(z)<2(l V(H(u))I-l), 
and, so, (27) holds. 
Case 2: Every edge in E(H(u)) is adjacent to at least one of the d’(u) edges incident 
with u. Let X E V(H(u)) denote the subset of the vertices which are not incident with 
any of the d’(u) edges incident with u. Hence, X is an independent set in G. 
Case 2(a): X =@ 
Since 1 V(H(u))\> 1, E(H(u))#Q). Let t=d’(u) and let E1={el,ez, . . . ,e,} be the 
subset of edges of E(G’) incident with u. For a vertex UE V’(H(v)), let II, be the number 
of edges of El incident with u. Since X = 0 and d’(u) 6 c - 1 Q 3p + l- 7, 
I V(H(v))IdIE,I=d’(u)<3p+1-7. 
Let xy~E(H(u)). Then 
(30) 
I V(H(u))I+n,+n,<3p+1-5. 
Note that 
44+4y)~n,+n,+2(l V(~(u))l-1) 
=nx+n,+l V(H(u))l+l V(H(u))l-2. 
(31) 
(32) 
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Then, by (ll), (32) (31) and (30), 
F-2<d(x)+d(y)<3p+I-S+IV(H(t+)J-2, 
2n 
--263p+l-5+3p+l-7-2, 
P 
n<3p2+lp-6p. 
But by (12) and ~23, n>Ip+k=Ip+yp’--yp>>p+3p2-6p, a contradiction. 
Case 2(b): X #8. 
Let xu be an edge in H(u) such that XEX. Since X is an independent set and 
N,(x) c V( H(u)), the degree of x is at most ( V( H(u))1 - 1 X 1. By the assumption of case 
2 and the definition of X, if x’ is a neighbor of u then x’ is either in X or is incident with 
at least one of the d’(u) edges incident with v. Since G is simple, it follows that the 
degree of u is at most 1 X ( + d’(v). Thus, by (1 l), 
F-2<d(x)+d(uK V(H(u))I+d’(u), 
;-2-d’(o)<, V(H(u))I. 
By (2% d’(u)<c-1<3p+1-7, and, by (12) 
d’(u)<3p+;+9-5p-7=;-2p+2. 
By ~23, (34) and (33), 
;<;+2p-4+2-d’(a)<, V(H(u))(. 
(33) 
(34) 
Observation l(a) follows. 
Conclusion (b) of Observation 3.3 is easy. Suppose that I V(H(u))l = 1. Then, by the 
definition of reduction, d’(u) = d(o) and d(xi) <d’(x,) +( ( V(H(xi))l - 1) for any 
xiENc’(U). Then, by (11) 
‘-2<d(O)+d(xi),<d’(U)+d’(xi)+(/ V(H(xi))l-1). 
P 
Observation 1 (b) holds. 0 
Lemma 3.4. Let G be a 2-edge-connected simple KS-free graph on n vertices. If 
IM(G)l=2 then GE(K~,,_~,C~}. 
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Proof. Let M(G)= { e,,e,}=(x,y,,x,y2} be a maximum matching of G. Let 
S= V(G)-{xl,xz,y,,y,}. Since G is K,-free, it follows that d(u)=2 for any ES. By 
the fact that 1 M(G)/ = 2 and G is K,-free, without loss of generality we may assume 
that Nc(S)z{x1,x2} and, so, d(y,)=d(y2)=2. 
If JSI=O, then G is C,=K2,2. 
IfISj>O,thenN,(S)={x, ,x2 } and, so, x1x2$E(G) since G is KS-free. IfylyzeE(G) 
then, since I M(G)/ =2, it follows that /SI = 1 and, so, G=Cg. If y,y,$E(G) then, since 
d(y,)=d(y,)=2, we have y,x2,y2x,~E(G). This shows that G=K2,,_2. 0 
Corollary 3.5. Let G be a 2-edge-connected simple graph on n vertices, G’ the reduction 
of G and l=ID,(G)I. Zfl<n/5-19 and if,for any edge WEE(G), 
d(u)+d(v)z+2, (35) 
then exactly one of the following holds: 
(a) G is collapsible. 
(b) G’=K2,e_2, where cdmax{5,3+1}. 
(c) n = 5s for some s > 19, G’ = Cg, the preimage of each vertex of G’ is either K, 
or KS-e. 
Proof. Suppose (a) and (c) do not hold. Then, by Theorem 2.3, m := I M(G’)l Q 2 and 
c := I P’(G’) I d I+ 6. Since K’(G’) > K’(G) > 2, we have m 3 2 and, hence, m = 2. By Lemma 
3.4, G’ = K,, c_ 2. Let {A, B} be the bipartition of G’, where I A I = 2. We may assume 
that G’ has at least one trivial vertex, for, otherwise, c < 5 by Observation 1 (a) and, so, 
(b) holds. 
Suppose A contains a trivial vertex u and B a trivial vertex v. Then 
2n 
so that 12 2n/5 - 8, contradicting 1 <n/5 - 19. Hence, there are two possibilities: 
Case 1: All vertices of B are nontrivial. 
Then I BI 65 by Observation l(a), and A contains a trivial vertex. Hence, by 
Observation l(b), 
lV(H(b))l>F-l-2-5 for all bEB. 
If I B I 3 4, then n 3 4(2n/5 - 8) + 2, contradicting n > 95. Hence, I B( 6 3 and c < 5; so, (b) holds. 
Case 2: Both vertices of A are nontrivial. 
Then B contains a trivial vertex; so, by Observation l(b), 
IV(H(u))l>;-I-(c-2)-2=$-c--I$-6-l-l 
>$-7-:+ 19=:+12 for both aeA. 
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Note that, by Observation l(a), B has at most two nontrivial vertices. Suppose 
B contains two nontrivial vertices, say b,, b2. Then, by Observation 1 (a), 
I V(H(bi))l >z (i=‘,2). 
Let t be the number of trivial vertices in B. Then 
tbn- 1 I V(H(a))l- i I V(H(bi))l<n-2 
USA i=l 
Hence, r:=n/5-24-t>O. Let A=(aI,a,), where I V(H(al))161 V(H(a2))l. Then 
Hence, if x and y are vertices such that XE V(H(a,)), y is a trivial vertex of B and 
x~EE(G), then 
<;+12+;r-l+;-24-r+2+2 
This contradiction shows that B contains at most one nontrivial vertex, so that 
13 c - 3. Again (b) holds. 0 
By Theorem 1.2, G is supereulerian if and only if G’ is supereulerian. Since 
collapsible graphs C5 and K2,c_2 with c even are supereulerian graphs, by Corollary 
2, we have the following. 
Corollary 3.5’. Let G be a 2-edge-connected simple graph of order n, and I= I D2(G)I. If 
1 <n/5 - 19 and, for every edge uvsE(G), we have d(u) + d(v) 3 2nl.5 - 2, then exactly one 
of the following holds: 
(a) G is supereuleriun; 
(b) G can be contracted to K2,c-2 where c is odd and c<max{5,3+1}. 
The following are special cases of Corollaries 3.5 and 3.5’. 
Corollary 3.6. Let G be a 2-edge-connected simple graph on n >95 vertices. If 6(G) 2 3 
and zx for any edge uveE(G), we have d(u)+d(v)>2n/5 -2, then exactly one of the 
,following holds: 
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(a) G is collapsible; 
(b) the reduction of G is C4; 
(c) n= Ssfor some s> 19, and G can be contracted to G’, where G’E{C~, K2, 3}, in such 
a way that the preimage of each vertex of V(G’) is K, or KS-e. 
Corollary 3.6’. Let G be a 2-edge-connected simple graph on n > 95 vertices. If 6(G) 2 3 
and if, for every UVE E(G), we have d(u) + d(v) > 2n/5 - 2, then exactly one of the following 
holds: 
(a) G is supereulerian; 
(b) n = 5s for some s > 19 and G can be contracted to G’ = KZ, 3 in such a way that the 
preimage of each vertex of G’ is either K, or K, - e for some eE E (K,). 
Results for p=7 have also been obtained [6]. Similar results for 3-edge-connected 
simple graphs were obtained [7]. 
Remark. Let G be a graph. A closed trail containing at least one end of every edge of 
G is called a dominating circuit of G. Using a refinement of the reduction technique [4], 
Veldman [lo] very recently proved a result (which implies Theorem 1.1 when p= 5) 
analogous to Theorem 2.3. 
Theorem 3.7 (Veldman [lo]). Let G be a connected simple graph of order n and p B 2 an 
integer such that 
d(u)+d(v)>2 (36) 
for every edge uveE(G). Thenfor n sufficiently large, zfG has no dominating circuit then 
G can be contracted to a graph G, which has no dominating circuit containing all 
nontrivial vertices, where 
I V/(G,)ldmax{p-L$p-4). (37) 
Moreover, for ~67, (37) holds with equality only tf(36) holds with equality. 
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